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Abstract: Using the concept of (Zj,k) - symmetrical conjugate points, the classes

S2iK) (A, B)’K(Zj,k)(A’ B) are introduced. For functions belonging to these classes certain interesting

properties are discussed.
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l. Introduction
Let A denote the class of functions of form

f(z)=z+ganz", (1.1)

Which are analytic in the open unit disk {/ = {Z :zelland ‘Z‘ <l} and S denote subclass of

A consisting of all function which are univalent in /.
For f and g be analytic in £/, we say that the function f is subordinate to g in I/ if there exists an analytic

function @ in &/ such that |60(Z)| <|Z| and f (Z)Z g(a)(Z)),and we denote thisby T < Q. If g
is univalent in Z/ then the subordination is equivalentto f (0) =g (0) and f (Ll) g (Ll)

We now introduce the concept of ( j, k) -symmetrical functions which generalizes the concept of even, odd
and k-symmetric functions. Consider,

e f(e"z)=2+ iane‘(“)“z”, ael (1.2)
n=2
And [ f (z")]i =7 +%z"+l +%[2ka3 —(k —1)a§]22"‘1 +o (1.3)

Where K isa positive integer. The transformation in (1.2) is a rotation of f because it rotates the unit
disc in the z-plane through an angle ¢ and rotates the image domain in the w-plane in the reverse detection

through an angle of the same magnitude. In (1.3) the transformation U = Zk maps {/ onto Kk copies of &/
and f (Z) carries this surface onto K copies of f (L[) joined by a suitable branch point at W = 0.1t is

intuitively clear that the kth root merely unwinds the symmetry. Precisely, we have
Definition 1.1.Let K bea positive integer. A domain ) is said to be k-fold symmetric if a rotation of 2 about

T
the origin through an angle T carries D onto itself. A function T is said to be k-fold symmetric in I/ if

forevery Z in U/
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i (ezm/"z) —e Mg (z.)

The family of all k-fold symmetric function denoted by Sk and for K =2 we get the odd univalent
function.

The notion of (j,k) - symmetric functions (k=2,3....;j=0,1,2,....,k—1) is a

generalization of the notion of even, odd, k-symmetrical functions and generalize the well-known result that
each function defined on a symmetrical subset can be uniquely expressed as the sum of an even function and an
odd function.

The theory of (j, k) symmetrical functions has many interesting applications, for instance in the

investigation of the set of fixed points of mappings, for the estimation of the absolute value of some integrals,
and for obtaining some results of the type of Cartan uniqueness theorem for holomorphic mappings [12].

Definition 1.2. Let & = (ezni/k )and 1=0,1,2,...,k —1 where K > 2 is a natural number. A function

f:ur—1 iscalled (j,k) - symmetrical if

f(ez)=¢'(2), zew

The family of all ( j,k) - symmetrical functions is denoted be S(j’k).S(O’z),S(l’z) and S(I’k) are

respectively the classes of even, odd and k-symmetric functions. We have the following decomposition theorem.

Theorem 1.3.[12] For every mapping f "l >, there exists exactly the sequence of (j,k)

symmetrical functions fj‘k ,
k-1
fi(z

j=0

7)= %kzo:gl f(e2) (14)

(feAk=12.j=012,.k-1).

Where

We denote by S*A,C,C* the familiar subclasses consisting of functions which, respectively,
starlike, convex, close-to-convex and quasi-convex in /.

Al-Amiri, Coman and Mocanu in [6] introduced and investigated a class of functions starlike with
respect to 2k-symmetric conjugate points, which satisfy the following inequality

Re zf_(z) >0,

f,(2)

:ikkzz():[ (SVZ)+8VW\/7)],(f E/l).

Where fzj,k defined by
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Karthikeyan in [5] once introduced and investigated a class of function starlike with respect to

(2 j , k) - symmetric conjugate points, and 5(2,' K) (¢) denoted the class of function f € A and satisfy the

subordination condition,
zf'(z
202) L), (zew)
foic(2)
Where f2j,k is defined by (1.5) a function f € A is said to be in the class /((zj’k) (¢) if it satisfies the

subordination condition,

) 4a), (2
o (zew)

Where P class of functions with positive real part and

k=123,..;j=012,..(k-1);¢er
Where f,;, is defined by

i (2) =2—1kk20[e’ f(2)+27 F(e'2) | (T 2 a), (15)

If V in an integer, then the following identities follow directly from (1.5)

£,(2) :%kﬂng‘ f -@upaﬂv@} (16)

And "0
fzjyk(sz)ngj fic(2), F,54(2) = T, (E) (1.7)
fo(e2) =" (2), T, (E): f.(2) (1.8)

Definition 1.4. A function f in A is said to belong to the class 5’(*21."() (A, B), (—1S B< ASl) if
®'(z) 1+Az
f,i(z) 1+Bz’

Zel
Where f,;, () is defined by (1.5)

Definition 1.5. A function f in A is said to belong to the class K(zj k)(A, B), (—1S B< AS].) if

(1) 11 p
f;(z) 1+Bz’

Where f,;, () is defined by (1.5)

In this paper we will prove that S(*Zj K) (A, B) and /((Zj k)(A, B) are subclasses of the class of

close to convex functions and the class of quasi-convex functions, respectively, invariance properties and we
will study the quotient of analytical representations of starlikeness and convexity with respect to (Zj,k) -
symmetric points i.e. we will study expression
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K '(Z)]'/f'zj,k(z) 1+ 2f "( )/f'( )
(2)/ 1254 (2) Fin /fz;
And obtain necessary conditions that will embed f in the class S (2 X (A B)

To prove the main results we need the following Lemma

Lemma 1.6. [7] Let N be an regular and D starlike in ¢/ and N(O)ZD(O)ZO. Then for
-1<B< A<l

N'(z)<1+ Az

D'(z) 1+Bz

Implies that
N(Z) 1+ Az
D(z) 1+ Bz’

Lemma L.7. [4] If g(z)es*(A B), then
m+1f t™g(t)dt e 5" (A B).

Lemma 1.8. [2] Let {2 be a subset of the complex plan [ and let the function 1 :[J 2% 1/ 5[] satisfy
l//(Meig, Ne®: Z) g Q forallreal @, N > M andforall Z €/, if the function p(z) is analytic in

u, p(0)=0and w(p(z),2p'(z);2) e Qforal e then |p(2)| <M, zew.

Lemma 1.9. Let T € A4, K> 2 is a natural number, j =0,1,2,....k=1, and -1<B < A<1. Also,
let Q=[] \C, , where

f . (Z) eiH
Q, =41+ N(A-B). 2~ _ —:zeu,0el,N21
' { ( ) 2t 'y (2) (1+ Ae")(1+Be”) =HUs }
If
[Zf Z):|/f 21k EQZEU
2f'(2)/ (2 )
then f 65(21 k)(A,B).
Proof: Let p(z): z:z'ijkk((zz))’ so that p(Z)Z%VV\\:Eg, where W is analytic and |W(Z)| <1
forall Z € I/. Since both functions are analytic in ¢/ and p(0)=landW(0)=0. Using lemma 1.8 with
o (2) S

w(r,s,z)=1+(A-B). zf ', (2) (1+Ar)(1+Br)

We have
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[2f'(2) '/ £ (2)
v w(z),zw'(z);z)= ' : : 1.9
( ( ) ( ) ) 7f (Z)/ij,k(Z) ( )
Since |W(Z)| <l zeu.
Equation (1.9) is equivalent to the following subordinates,
1-P(z)
wW(z)=———+
Bp(z)—-A
Which proves that f e S(*Zj,k) (A, B).

1+ Az

d '
<zand p(z)=< T+ By

Il.  Main Results
(A,B), then f2j,k ES*(A,B), end

5(*2j,k)(A’ B)CCCS.

Theorem 2.1. Let T € S(Zj,k)

®'(z) 1+A
f, (z) 1+Bz

Proof:For f ES*

(zj,k)(A,B),we can obtain

Substituting Z by &£'Z

respectively V=0,1,2,...,K =1, then
A (e'2) 1+ns'7 1+A2

: 2.1
fzjyk(gvz) 1+Bgvz<1+Bz (2)
Or
VZf (g2
&2t (s )<1+Az’ (22)
fi(2)  1+Bz
and
izt ('
3 (5 )<1+Az’ (2.3)
f,i(2) 1+ Bz
By (2.2) and (2.3), we obtain
Z( vyjgif v vVi-v g1f v
2(8 ’f(82)+g‘ f(g z)) 14 Az
< . (2.4)
f)i0(2) 1+ Bz
Let V= 0,1, 2,...k —1in (2.4), we have
Z K1( yvigof v vi-v g of v
% v:O(g f(e'z)+ e (e Z))<1+Az

f)(2) 1+Bz’ (25)

or

zf '2j,k(z) < 1+ Az
f,, (z) 1+Bz
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That is f2j,k (Z) € 5*(A, B).So f (Z) a close-to-convex.

Corollary 2.2. Let f EKZj,k(A'B) Then f2j ‘ e/((A B), end
21|((A B)CCCS

Theorem2.3. Let T € 5’ (A B) Then so does

F(z :m+l
Z

(t)dt (2.6)
Form=123,....

Proof:By using the equation (2.6), we have

m+1 .
2]k jt 1f2]k

n zF (z):_ . 2" f (z)
F(Z) J'Oztm Lf (t
zF'(z) B f(z) F(z)
Foix(2) Itm‘lf (t)dt Fyii(2) 27)
2" f ( mj t" (¢ )d

By Theorem 2.1 then fzj,k (Z) S 5*(A, B), and by Lemma 1.7 we note that sz,k (Z) S 5*(A, B),
differentiating (2.8), we have

N'(z): zf '(z) 1+Az
D'(z) fzj‘k(z) 1+Bz’
Lemma 1.6 gives F(Z) (21 k)(A B)

By Lemma 1.9, we can prove the following Theorem.

Theorem 2.4. Let T € A, K> 2 is anatural number, ] =0,1,2,...,k =1 and —1<B < A<1, and
y2/ >1. Also let
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2u./A|B
f A‘B‘, if AB<Oand 4AB<(A+B)(1+AB)<4A[B|
A= B
(A_ B)ﬂ , otherwise.
(L+]A])(2+(B])
If

zf '), (2) >£
fiu(2) | m

[ (2)]/f 'zj,k(Z)_l
2t '(2)/ 1,5 (2)

(AB)

<A

Forall Z€ U/ then f ES(Zj,k)

Proof: Let y = {W: ‘W—l‘ < /1} be a subset defined in the complex plane 0, by Lemma 1.9, to prove

this theorem it is enough to show that ¥ <, 1. y NQ =¢ If Wel) then for some
zelu,0ecl] and N >1. we have

_ f21(2) e
w-1f=|N(A-B). zf ' (z)'(1+ Ae‘g)(1+ Bei‘g)
(A—B).,u (A—B).y

> . — = =h(t),
1+ Ae”|l1+Be"| 1+ A% +2At1+B? + 2Bt ©
where t=c0SH e [—1,1]. If we show that h(t) >A for all te [—1, 1]. For

0<B<AAB>0and h(t)>h(1)= (1SAA_) ?1):;) =Aand te[-11]. similarly, if

B<A<O0 then h(t)>h(-1)= (A-B)u = A and te[-L1].Finally,  if

(1- A).(1-B)
B<0< A, l.e. AB<O. Then the function h(t) attains  its  minimal  value for
= —(A+ B)(1+ AB) , which  is  in [-11] if and  only if
4AB
2u A‘B‘

4AB<(A+B)(1+ AB)<4A|B|. That value is h(t.)=

W & ¥ and the proof is complete.

Y = A. 1t will imply that

Corollary2.5.  Let f € A, k>2 is a natural number, j =0,1, 2,...,k —1, and

~1<B<-3+2J2=-0172..and i >1. Also, let ‘zf 'Zj’k(z)/fzj'k(z)‘>],/y for all
Zel.
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(i) if 0 < A<|B| and

[Z'(2)]/ 15 (2) 12t AlB|
zf '(z)/ f,;, (2) 1-AB ’
forall zet then f €5, (AB).
) 1f|B[<A<1 and
A (2)] /2, (2) (A-B)u

2t '(z)/ 15, (2) _1‘<(1+‘A‘)(1+‘BD’

forall Ze U then f €5, (A B).

(25.k)
Proof: Since AB < 0 in (i) and (ii). So, to prove (i) it is enough to show that

4AB < (A+ B)(1+ AB) < 4A‘B‘,
and the rest follows Theorem 2.4. Indeed, if —1< B <—-3+ 2\/§ and 0 < A£|B| then A+ B <0,

and the second inequality is obvious. The first inequality, 4AB S(A+ B)(l+ AB), is equivalent to

A > = 5 . This one is also true because >
(1—A) (1— B) (1—A)

the specified range. Similarly we can prove (ii).

forall Aand B in

z%z- >

1-8)

For special choice A=1—20!(0S05<1) and B=-=1 in Theorem 2.4 we can get the
following corollaries.

Corollary 2.6.: Let T € A, K > 2 isanatural number, j =0,1,2,....,K —l,(O <a <l) and 1 >1.

Also let
uf2, if 0<a <12
A=l-a .
{20[/1, if 1/2<a<l.
If
zf ', (2)] 1 [2t'(2)]'/ £, (2)
(@) | 0 E @) @) ]

Andforall Z€U then f ES;j’k(a).

Proof:  First, let /11:(1_05),”: (A—B)y
1+1-2a| (1+|A)(1+|B])

1
. Further, if OSOCSE then

1
A=>0, AB =0 and the conclusion of the Corollary follows since A, = A.1In the case when E <a<l],
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we have A>0 and AB <O but (A+ B)(1+ AB) = —Aa? >4(1—2a) =4A‘B‘. Again the

conclusion follows because of 4, = A.

For ¢ =0 in Corollary 2.6 we obtain the following corollary.

Corollary 2.7. Let f € A, K >2 is a natural number, j:0,1, 2,...,k—1, and Iu>1.AIso, let
‘z fi(2)/ fzjyk(Z)‘>]/,uforaII Zel. it

[ ] D) |

()6, (2) | 2

* *

Forall Z€ ¢/ then f ES(Zj,k)(O)=S€2j’k)(—l,1)25(2j’k).
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